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ABSTRACT
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Designing appropriate control intervention programs for
handling infectious diseases such as tuberculosis (TB) involves
elongated engagement with complex and challenging tasks.
Several researchers used mathematical models and control
system theory as a valuable tool in studying infectious disease
dynamics and control. However, the majority of the previous
studies for TB control are based on open-loop optimal control
theory. In the design of the conventional optimal control
approach, system parameters are assumed to be prior known
and accurate. However, if the system contains uncertain
parameters, the conventional control techniques may not
provide the desired results. Therefore, in this study a robust
adaptive sliding mode control (ASMC) strategy is applied to a
non-linear TB model to handle the parameter uncertainties. The
control objective is to decrease the population of individuals
that are exposed and infected to zero by tracking a predefined
reference trajectory. Adaption law is defined to update the
parameter values to ensure the robustness of the control system
against uncertainties. The stability of the closed-loop system is
proved using the Lyapunov Function Theory, and the result is
validated through numerical simulations. The study identifies
alternative solutions in finding practically useful control
strategies and illustrates the essential applications of closed-
loop control systems. The work highlights a new methodology
to inform realistic approaches towards realizing the United
Nations (UN) 2030 plan for eradicating TB disease.

Keywords: Epidemic Model - TB - Adaptive Control - Sliding
Mode Control -

1. Introduction

Epidemic diseases such as tuberculosis (TB) have been a contributing cause of billions of deaths in
several decades. The entire world is committed to finding effective control and prevention strategies to contain
the epidemic outbreak. Several researches used mathematical modelling and control system theory to study
the infectious disease dynamics and facilitate the design of control intervention programs to curtail the spread

of the diseases [1]-[3]
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TB is caused by a bacterial infection that usually starts in the body of a susceptible person (a healthy
person that can contract the disease) as a result of infection by Mycobacterium tuberculosis (MTB). The disease
is commonly transmitted through the air by the breath of healthy person and infected individuals, and the
common symptoms of TB include coughing blood, fever and weight loss [4]. An infected person with MTB may
develop active TB or remain latent. Latently infected people are asymptomatic and do not transmit the disease,
but may progress to infectious (active TB) after a latency period [5]. TBis treatable and can be cured.
Nonetheless, inability to comply with the medication may lead to the emergence of drug-resistant TB [6].

Various control interventions are available for TB prevention and treatment. Vaccination is the most
preferred method of treating TB which is used to protect the susceptible individual from contracting the disease
and subsequently prevent further dissemination of the infection. Reactivation of TB in an exposed person
(latently infected individuals) can be controlled through a control effort known as “case finding”, which involves
the monitoring action by public health workers to find and treat the exposed individuals to stop them from
becoming infectious. Furthermore, the development of drug-resistant TB can be prevented by employing
intervention program referred to as “case holding”. The case holding control effort represent the interventions
made by health workers to ensure adherence to the proper treatment of the infected people [7], [8].

In order to predict the future characteristics of the infectious disease and plan reliable control
intervention programs to minimize disease outbreak, a thorough understanding of dynamics of the disease
transmission among populations is essential [9]. Mathematical modelling and control theory has been one of
the important tools for studying the dynamics and control of infectious disease [10], [11]. Design and control
analysis of epidemic models, however, involves a complex and quite challenging process; due to the inherent
non-linearity, and parameter uncertainties associated with epidemic processes. This is in addition to the
economic constraint of optimizing the demands of the control goals and minimization of the cost of
implementing the control actions [12], [13].

Many studies on the mathematical modelling of the dynamics of TB transmission have been performed
[14], [15]. However, some of the previous TB predictive models included vaccination and control treatments
and analyzed the disease management by evaluating the role of parameters of disease transmission in
decreasing the value of the basic reproduction number, R, below the threshold limit [15]. Generally, a
reproduction number R, < 1 suggests that the disease is eradicated on its own, while R, > 1 shows that the
disease will persist in the population [16], [17]. These approaches have a major limitation of not taking into
consideration the time-dependent control inputs.

Optimal control theory developed from the calculus of variation enables the incorporation of time-
dependent control functions, and offers reliable tools to study the time-varying disease control strategies and
determines the trade-offs between different control strategies and the cost of implementation. The application
of optimal control theory provides the public health authorities with useful suggestions on the impact of one
control policy compared to others [18]. Optimal control has been applied in several biomedical problems,
especially to cancer chemotherapy models [19], [20]. These methods when implemented to infectious disease
models, can offer tremendous insight into the best pathway to reduce disease burden. Many studies have
considered the application of optimal control for specific diseases [21]-[24].

Nonetheless, the application of conventional optimal control methods requires that the
epidemiological parameters are well known and accurate. This assumption is not always practical because the
process of estimating such parameters from experimental data can result in inconsistent values. As a
consequence, in the presence of modelling uncertainties and parametric variations, the conventional control
techniques can yield unsatisfactory results. Meanwhile, robust and adaptive control techniques which employs
feedback will provide more consistent results. The closed-loop control design can achieve the desired control
goals irrespective of the model's parameter variations [25]-[27].

Design of control systems, for systems with considerable parameter uncertainty can be approached by
adaptive control. Adaptive design methods extract knowledge of the plant parameters online and update the
control law. There are several strategies to design adaptive controllers such as Heo, fuzzy, or neural network
based techniques [28]-[31]. Among them, sliding-mode control is one of the most well-known technique due
to its simple design process, accuracy and reliability.

In this regard, this study focused on the investigation of the application of adaptive control theory for
the analysis of TB transmission dynamics, with parameter uncertainties. The rest of the paper is organized as
follows: section 2 provides the system model description and parameter definitions. In section 3 the controller
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design procedure and the stability analysis of the TB closed-loop control system is explained. The results and
discussions are presented in section 4 and the conclusion is discussed in section 5.

2. System Model Description

For this study, an SEI type compartmental nonlinear TB model proposed by [32] is considered. The
model transfer diagram is illustrated in Figure 1. In the transfer diagram S, E, and I, respectively, represent the
group of the susceptible, exposed and infectious people. The dynamical model is therefore given by the
following system of ordinary differential equations (ODEs).

S=A—BSI—puS (M

E=1-p)BSI — akE — uE — u; (HE )

[ =pBSI +aE — (d + W) — u, (V)1 (3)
pBSI

v

1 :6 (1-p)gs! :G ak 0

v

N ME +uy (DE (d+ W1+ u, (01

Figure 1. Model transfer diagram

The description of the model’s parameters is given in Table 1. The system contains three state variables S, E
and I representing the number of susceptible, exposed and infected individuals, respectively, along with their
initial conditions S, = S(0), E, = E(0) and I, = I(0). The exposed group comprises of individuals that were in
contact with contagious persons but did not reveal any symptoms of infection. A fraction of the exposed group
is eliminated through successful chemoprophylaxis or by natural death, while others are transferred into the
infectious compartment. In the infectious compartment, there are people who got infected with active TB and
can infect others. The population is assumed to be homogeneous with equal natural death rate (1). The control
signal u, (t) is the rate of case finding control scheme that detects and treats a fraction of individual exposed,
while u,(t) is the control initiative that guarantees successful treatment of individuals infected. The control
inputs seek to reduce the population of individuals that are exposed and infected with the TB (hence appeared
in Equations (2) and (3)).

Table 1. Parameter description [32]

Parameter Symbol Parameter description
A Overall recruitment into susceptible compartment
H Natural death rate
D Disease induced death rate
B Disease transmission coefficient
p The proportion of newly infected individuals that undergo fast progression

to the infectious class
The rate at which exposed individuals move to the infectious compartment

Q

3. Controller Design
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This section explains the Adaptive Sliding Mode Controller (ASMC) design procedure, starting with the
ASMC architecture, followed by the controller design, and the Lyapunov stability analysis of the closed-loop
TB controlled system.

3.1 ASMC Architecture

The structure of ASMC for the non-linear TB model is illustrated in Figure 2. The closed-loop control
system consists of the ASMC block, the TB model and adaptation laws. By setting appropriate control signals
u; and u,, the ASMC controller regulates the values of the state variables. The ASMC is capable of handling
both model uncertainties and external disturbances effectively. The TB model contains uncertain parameters
due to the discrepancies that occur in different communities. The adaptation laws are included for updating
the controller gains in order to maintain the system stability and keep the system response close to the desired
conditions despite the presence of the uncertainties.

Uncertain Tuberculosis
Epidemic Model

Adaptive Sliding
Mode Controller

E.I, * uy(t)uy(t) SEI

Izz!]
—

O

o
I

S EI

E, I

Figure 2. Structure of ASMC for the non-linear TB model

The control objectives are said to be achieved when the actual population of the exposed and infected
groups (E and I) accurately track a predefined desired reference trajectory (E, = 0 and I, = 0). In order to
realize the control objectives, this implies that the tracking error should be zero for all the time during the
process. That is,

e(t) =0, Vt=0,

E=E-E.=0,
I=1-1.=0.

In which E and I denotes the tracking error of exposed and infected individuals, accordingly. Also, E, and E,
and L. and I represent the desired and actual number of exposed and infected populations, respectively.

3.2 ASMC Design

Consider a sliding variable 0(t) with integral term [33]:

0(t) =e(t) + ¢ [ e(r)dr )
The sliding surface that guarantee the controller objectives is given as
0(t) = e(t) + ¢ [, e(r)dr = 0 (5)

Where ¢ is a positive sliding surface constant gain, and the time derivative of the sliding surface is given by
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0(t) = é(t) + pe(t) (6)
The characterization of the case finding u,(t) control input that guarantee the control of the exposed
individuals can be written as
Ot)=E—-E. +¢,(E—E)=0
substituting the dynamics of exposed E from Equation (2),
O(t) = (1 — p)BSI — aE — pE — uy (OE — E, + ¢, (E — E,)
the case finding u, (t) control input is obtained as:
() = — (Er—¢1E(E—Er)) _ (1—1;){?31 P )
Similarly, the characterization of the case holding u,(t) control input that guarantee the control of the infected
individuals can be written as
O)=i—-I,+¢,I-1)=0
Substituting the dynamics of infected I from Equation (3),
the case holding u,(t) control input is obtained as:

uz(t)=—m+pﬁ5+a§—d—u (8)

In pursuance of designing the adaptive control law, control inputs (7) and (8) will be express in terms of a matrix
X and a vector @ containing the state variables and the parameters of the system, respectively.

0y () = — (Er—qblE(E—Er))

(Ir b2(I— Ir))

+ X4.(S, E, )04 9)

u,(0) = — +X,(S, E, DO, (10)
Where, X; and X, are functions of system states variable S, E and I. While, 8, and 8, contain the uncertain
parameters of the system. Accordingly, X;, X,, 84 and 8, are defined as

=[]

X, = [s Z-1- 1]

0, =[1-p)B ap]”

6, = [pprap]”

Furthermore, since the actual system parameters 8, and 8, contain uncertainties, and the ASMC control laws
are therefore designed using estimated model parameters 8; and 8,, and adaptive laws that handle the
mismatch between the actual and estimated parameters [34]:

wy (0 = —E=1E 4 ¥, (S, B, DB, + T, (11)

u,(0) = — (’TI#” +X,(S, E, DB, + Y, Sg’;(’) (12)
Where the vectors 8, and 8, denotes the estimated parameters, given by

0, =[1-pp aql (13)

0, =[pBadal (14)

The adaptation gains Y; and Y, are included to compensate the discrepancies between estimated and actual
parameters so as to attain the control objectives. The adaptation gains are updated through the adaptation
laws, defined as [35]:

Y1 = K1|E|: Y,(0) =Yy, >0 (15)

Y, = 1|1, Y,(0) = Y, > 0 (16)
The positive constants x; and k, signifies the rate at which the adaptation gains are updated in reference to
the tracking errors (E" and f). While Y;, and Y,, represent the initial values of the adaptation gain.

33 TB Closed-loop Controlled System

The TB closed-loop controlled system is established by using the ASMC designed in sub-section 3.1. In this
regard, the control laws (11) and (12) are substituted into dynamics of E and I in Equations (2) and (3),
respectively.

BB o (1- G -p)(B- ) - @-a) - (- ) + T, 2P
E —(“’fj‘“’) — G- -B)S+@-0E-(d-d) - G- + 5, el
Subsequently, the closed-loop dynamics are obtained as
E=—-¢,E-EX,(S, E, DO, — Y,sgn(E) (17)
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[ = —¢,I-1X,(S, E, DG, — Y,sgn(D) (18)
Where E and I are the derivatives of the tracking errors, while 8, and 8, represent the bounded model
parameter estimation errors defined as

Now, owing to the fact that the system state variables (S, E, I) and model parameter estimation errors (8, and
8,) are bounded, one can establish that the terms EX,(S, E, )8, and IX,(S, E, )8, are bounded (see [34]),
and therefore there exist some positive constants &; and ¢, such that:

|[EX1(S, E, D8y| < & (19)

lIX,(S, E, D8,| < &, (20)

34 Lyapunov Stability Analysis

All Consider a quadratic Lyapunov function [36] defined as:
v=ilR e+l (T-a) +L (h-e)] 1)
K1 K2
Based on Equation (21), V is positive definite (V. > 0).
Now, taking the derivative of V/,
K1 K2
By substituting (17) and (18) in to (22) following expression is obtained as
V = E[~¢,E-EX,(S, E, N6, — Yysgn(E)] +— (Y, — &)Y,
K1
+ I[=¢oI-1X,(S, E, DB, — Yosgn(D] + = (Y, — &)Y,
o o . @3
= -, E*-E(EX,(S, E, DO,) — Y Esgn(E) + - (Y, — &)V
1
- d)ziz—i(IXz(S, E, 1)52) _?zisgn(i) +I€i (?2 - 52)?2
2
Considering the fact that Esgn(E) = |E| and Isgn(I) = |I|, and by substituting the adaptation laws defined in
Equations (15) and (16),
V(t) = —p, B2~ E(EX, (S, E, 1)8,) — T, |E| +Ki1 (7, — &)y |E|

s ~ P . . (24)
~ I 1(1X,(S, E, DB;) = To|T] + = (F = &), 1]
Given (19) and (20) and further simplification it is reduced to
V=-¢p,E?—¢,]*?<0 (25)

Since 4, and A, are positive constants, V is negative semi-definite (V < 0). Hence, the designed adaptive
control strategy given by (5.17) and (5.18) ensures the stability of the closed-loop tuberculosis control system.
Moreover, employing the Barbalat's lemma [37] the asymptotic stability of the system may be proved by taking
the derivative of (25)
V= —2¢,FEE — 2,11 (26)

Because of the boundedness of the exposed and infected dynamics (2) and (3), the derivatives E and I equally
bounded. Considering the boundedness of E,, E, I. and |, it can be established that E and I are bounded too.
It emerges that V is bounded based on the Barbalat's lemma (V = 0 as t - ). Subsequently, the tracking
errors converge (E - 0 and T - 0), which means the population of the exposed and infected converges to
their reference trajectories (E — E, and I — I.), and hence the closed-loop tuberculosis control system is
asymptotically stable regardless of parameter uncertainties.

4. Results and Discussion

Numerical simulation is conducted on the developed closed-loop TB control system, and the result is reported
here. All the simulations are carried out using MATLAB 2019b software. The purpose of the simulation is
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demonstrating the effectiveness of the developed control system and hence supports the established
theoretical facts. In this regard, various simulation scenarios are considered. In the first instance, the nonlinear
TB model is simulated without control; afterwards, the model is simulated along with the control inputs and
predefined reference trajectories. In the second scenario, the capabilities of the adaptive control system to
handle parameter uncertainties are shown.
The actual and estimated epidemiological parameters are given in Table 2. The actual parameters are assumed
to be the same as the simulation parameters in [38]. For brevity, the estimated parameters are considered to
contained 20% and 40% uncertainties as given in Equation (27) and (28), respectively.
That is,

0,0 = 1.20; (27)

0,0 = 1.40; (28)
fori=1,2
Where 8, 8,, and 8,, represents the actual model parameters, estimated parameters with 20% uncertainty
and estimated parameters with 40% uncertainty, respectively.

Table 2. Simulation Parameters

Nominal parameter Value

0, =[1—-p)pap” [0.0015 0.05 0.3]T

0, = [ppadpy]” [0.0015 0.05 0.55 0.3]T

Uncertain parameter 00 040

0, =[a-ppaqn [0.0018 0.06 0.36]" [0.0021 0.07 0.42]"
0, =[ppa da] [0.0018 0.06 0.66 0.36]" [0.0021 0.07 0.77 0.42]"

The reference trajectories for the reduction of the exposed and infected individuals (E,., I,) are designed as
descending exponential functions to mimic a planned tuberculosis control intervention program that aimed at
eliminating the tuberculosis epidemic by reducing the number of the exposed and infected population to zero.
The reference trajectories over control program period t are defined as:

E, = (E, — Ef)e ' + Ef (29)

L=, —I)e 2 +1I (30)
Where E,, Ef, Iy, and I represents the initial and final values of the exposed and infected population. The
desired steady-state (final) number of the exposed and infected individuals are considered to be zero i.e. Ef =
I =0, ¢ =05, ¢ =05, €, =0.4, and the control program period t = 15. Figure 3 shows the desired
trajectories for the specified parameters. As shown in the figure, the decrease in the number of exposed is
more gradual compared to the infected, since the spread of the disease can be better handle if the number of
infected are eliminated faster then followed by the exposed.
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Figure 3. Control reference signals
Figure 4 shows the trajectories of the susceptible, exposed and infected populations when there is no control
intervention (control inputs u; = u, = 0). It can be vividly observed that the number of healthy susceptible
people decreases while the population of the exposed and infected are increasing. This means there is an
epidemic and the disease remain in the community. This undesirable situation can be averted by employing
appropriate controls.
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Figure 4. Dynamics of TB without control

Afterwards, the closed-loop system along with the adaptive control inputs u, (t) and u,(t) is simulated using
the actual system parameters, and desired reference values of the exposed and infected individuals (see Figure
5). The controller parameters are adjusted to ¢, = ¢, = 48, Y;o = Yo0 = 2, k; = 0.2 and k, = 1 to accomplish
a high rate of convergence of the tracking errors with a settling time tgz = 0.6522 and tg; = 0.5435 for the
exposed and infectious, respectively. Furthermore, it can be seen from Figure 4, that there is high accuracy in
the tracking of the descending reference trajectories of the exposed and infected population. The mean
absolute tracking error (MAE) for the exposed and infectious trajectories is found to be equal to 0.080954 and
0.00002 respectively.
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Figure 5. Closed-loop TB control system with adaptive control inputs
For the purpose of comparison, the performance of the adaptive controller in handling the effect of the
parameter uncertainties is compared with the optimal controller designed in chapter four. In this scenario, the
optimal trajectories of the exposed and infected individuals obtained from the optimal controller in [38], are
used as reference inputs (E,, I,.). Figures 5 and 6 show the resulting dynamics of the exposed and infected
individuals in case of the TB control system with adaptive control and the TB model with conventional optimal

control in the presence of 20% and 40% uncertainties.
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Figure 6. Effect of 20% uncertainty in the estimated model parameters: (a) Exposed population (b) Infectious
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As shown in Figure 6 and 7, in the presence of parameter uncertainties, the performance of the conventional
optimal controller is affected and the trajectories of both the exposed and infectious population deviated from
the reference trajectories. The mean absolute tracking error (MAE), for the optimal controller in the presence
of 20% uncertainty is 51.2283 and 69.1930 for the exposed and infectious trajectories, and is found to be equal
to 71.0222, 102.8563 in the presence of 40% uncertainty. Besides, the result of the adaptive controller
demonstrated the robustness of the controller in handling the parametric uncertainties, with MAE of 0.8494,
and 0.7357 for the exposed and infectious under 20% uncertainty, and 0.9332 and 1.0780 in the presence of

40% uncertainty. Hence, the adaptive controller successfully tracks the reference trajectories of the exposed
and infectious population.
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Figure 7. Effect of 40% uncertainty in the estimated model parameters: (a) Exposed population (b) Infectious
population

5. Conclusion

The study presented the analysis of adaptive sliding mode control for non-linear TB dynamic model,
by considering system parameter uncertainties. The goal of the control was to reduce the population of
individuals that are exposed and infected to zero by tracking a predefined reference trajectory. Adaption law
is established to update the parameter values to ensure the robustness of the control system against
uncertainties. The stability of the closed-loop system is demonstrated using the Lyapunov Function Principle,
and the analytical analysis was supported with a numerical simulation. The conclusion suggested that the
proposed adaptive control systems are very useful and provide efficient tools for understanding TB
transmission and control. The adaptive control system is robust against the various level of uncertainties and
ensures the convergence of the number of exposed and infectious individuals to the desired values. The
research presents a novel Robust Adaptive Sliding Mode Control approach for managing TB under parameter
uncertainties. By integrating control system theory, Lyapunov stability analysis, and numerical simulations, it
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enhances understanding of disease dynamics and control strategies. The study's insights can inform the
development of more effective control programs to combat infectious diseases like TB, aligning with global
health objectives for disease eradication.

The procedure of development and analysis of mathematical epidemic models is complex and quite
challenging. Meanwhile, recent studies revealed that the application of data-driven methods such as machine
learning algorithms could alternatively produce accurate epidemic predictive models. Because there is
increased in computational power, the use of machine learning algorithms in epidemiology is promising and
future study would consider the data-driven approach. Another important control method to be considered is
the intelligent control systems design using direct and indirect neural network controllers and Fuzzy controllers.
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